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5. Let R be a nonzero ring with 1 and letM be an R-module containing an R-submoduleN .

(a) Prove that if N and M=N are both �nitely generated, then M is also �nitely generated.

(b) Assume that M is the direct sum

M =
1⊕

n =1

M n where eachM n
�= R:

Prove that M is not a �nitely generated R-module. (Recall that the above direct sum
is the set of tuples (r 1; r 2; r 3; : : : ) where only �nitely many r n 6= 0 in each tuple.)

6. Find the number of similarity classes of 10� 10 matrices A with entries from Q satisfying
A10 = I but A i 6= I for 1 � i � 9, whereI is the identity matrix. (You do not need to exhibit
representatives of the classes.)

Section C.

7. Let f (x) = x4 � 8x2 � 1 2 Q[x], let � be the real positive root of f (x), let � be a nonreal root
of f (x) in C, and let K be the splitting �eld of f (x) in C.

(a) Describe� and � in terms of radicals involving integers, and deduce thatK = Q(�; � ).

(b) Show that [Q(� 2) : Q] = 2 and [Q(� ) : Q(� 2)] = 2. Deduce from this that f (x) is
irreducible over Q.

(c) Show that [K : Q] = 8 and that Gal( K=Q) �= D8.

8. Let f (x) be an irreducible polynomial in Q[x] of degreen and let K be the splitting �eld of
f (x) in C. AssumeG = Gal( K=Q) is abelian.

(a) Prove that [K : Q] = n and that K = Q(� ) for every root � of f (x).

(b) Prove that G acts regularly on the set of roots off (x). (A group acts regularly on a set
if it is transitive and the stabilizer of any point is the identity.)

(c) Prove that either all the roots of f (x) are real numbers or none of its roots are real.

9. Let p be a prime and letn 2 Z+ with ( p; n) = 1. Let K be the splitting �eld of the polynomial
xn � 1 over the �nite �eld Fp of order p. Prove that [K : Fp] = d, where d is the order of p in
the multiplicative group ( Z=nZ) � .


