REAL ANALYSIS PHD QUALIFYING EXAM
September 20, 2007

A passing grade is 6 problems done completely correctly, or 5 done completely correctly
with substantial progress on 2 others.

1. Let (X;d) be a compact metric space, where we take \compact™ to mean \every open
cover of X has a flnite subcover.” Show that every sequence {x}$° in X has a subsequence
converging to some z € X.

2a). Let {bn} be a sequence of positive numbers which is unbounded: sup, b, = co. Show
that there is a sequence of positive numbers {a,} such that > a, < oo, but for which

> anbn = .
2b) Let {cn} be a sequence of positive numbers such that ) c, = oo. Show that there is
a sequence of positive numbers {dn} such that lim, d, = 0, but for which > c,d, =

3. Prove the following: If f is difierentiable on (0;1) and f'(1=4) < 0 < f/(3=4), there is a
¢ € (1=4; 3=4) such that f'(c) = 0.

4. Let {f,} be a sequence of functions in LP(R; £; m), where 1 < p < oo, L is the Lebesgue
measurable sets, and m denotes Lebesgue measure. Suppose that

Sl;l]p [Fnllp < oc: (1)

Show that {f,} is uniformly integrable, which means: for every t > 0 there is a - > 0 such
that, for all E € £, m(E) < - implies

sup/ [fn|dm < t:
n JE



7. Let (X; M;,,) be a measure space, and suppose that {E, }5° is a sequence from M with
the property that
1im ,,(X \ En) = 07.35-1.49T Derty that



